Abstract-This paper extends the theory of the air-gap magnetic field in permanent-magnet (PM) brushless motors. Scalar and vector potential solutions to the field equations are brought together to unify many of the important practical methods already in use. The theory admits a more general representation of the magnetization vector than has been previously assumed, including both the radial and tangential components, and variation with radius. The work is applied in the design of PM motors where there is a requirement to minimize noise and torque ripple, and maximize efficiency, and a continuing need for improvements in the accuracy and rigor of design calculations. The air-gap flux-density distribution is at the heart of the design process, and it is desirable to study different magnetization patterns, including imperfections in the magnetization, for a wide range of magnet shapes. This paper shows the application of the analytical solutions in comparison with a new finite-element procedure, with test results on a prototype motor, and with simpler, older methods of calculation based on magnetic equivalent circuits. The comparison brings out many interesting points in relation to the accuracy and the speed and practicality of the various methods.
I. INTRODUCTION

P
ERMANENT-MAGNET motors of both brushed and brushless types are widely used in automotive, industrial, and other applications where their simplicity, high efficiency, linearity, and smooth, quiet operation are advantageous. Accordingly, there is much new design activity, in which there is pressure to improve the design and to produce prototypes as quickly as possible on a "right first time" basis. Significant developments are taking place in relation to noise and torque ripple, which are important in applications such as power steering, but may be equally important in liquid pumping applications where the resonances of a piping system can be excited [1] .
The techniques for achieving smooth, quiet operation include traditional methods such as the use of skewed magnets or armature slots; and the correct choice of slots/pole, winding distribution, and magnet arc. The magnet shape has always been recognized as an important factor, but the variation of the magnetization within the magnet is equally important and is recognized in the recent interest in Halbach arrays and other configurations, [2] , [3] . The preferred method for analyzing these effects has been the finite-element (FE) method [4] , but this lacks the theoretical framework of classical motor theory and leads to an essentially experimental approach to the design optimization.
Zhu et al. [5] presented an analytical solution of the magnetic field in both interior-and exterior-rotor permanent-magnet (PM) motors, including the superimposed effect of armature current and the influence of slotting. This work was validated by physical test and by comparison with FE analysis. More recently, Kim and Lieu [6] extended Zhu's work to the case of an eccentric rotor, also including the effect of slotting. These papers provide a direct analytical solution to the air-gap field, which previously had been approximated using semi-empirical methods [7] , [8] . However, they excluded the tangential component of magnetization and restricted their attention to magnets that were magnetized wholly in the radial direction.
In many modern designs, these assumptions are not justified. For example, if the magnet is magnetized in situ, the tangential component of magnetization is unavoidable [1] and, indeed, it may be incorporated by design, for it is known to be capable of improving the harmonic content of the electromotive force (EMF) waveform and even of increasing the peak air-gap flux density, compared with that of the radially magnetized magnet [1] , [9] . These properties are demonstrated in [1] , which extends the analysis along Zhu's original lines, to incorporate magnets having a wider range of magnetization patterns including the tangential component. Until Zhu's paper, it appears that only Boules [9] , [10] had a solution of comparable analytical power, that would deal with more general patterns of magnetization including , for example, the important practical case of a parallel-magnetized magnet. Boules represented the magnets by equivalent distributions of current sheets across their surfaces. Related analyses of comparable complexity had been published earlier by Hughes and Miller [11] in relation to slotless superconducting synchronous machines, but their solutions were in terms of 0093-9994/00$10.00 © 2000 IEEE Fourier series of sinusoidally distributed windings rather than of distributions of current filaments or sheets, and were perhaps not obviously adaptable to the PM machine, in spite of the affinity between these types of machine.
Recent advances in the design of PM brushless motors, and competitive pressure to reduce noise and torque ripple, have generated a need for even more advanced solutions and, in particular, the variation of magnetization throughout the material has become an important consideration. This variation was neglected in most earlier work, but see [17] - [21] . Even in the lumped-parameter magnetic equivalent-circuit approach, the problem arises in relation to the dimensions that should be used for the internal permeance of an arcuate magnet-whether to use the mean radius or some other radius closer to one surface. This paper presents a new analysis of the PM field in which both the radial and tangential components of magnetization are present, and radial variation is accommodated by means of a Green function (equivalent to a variation of parameters). Moreover, the solution is developed in alternative ways, one in terms of a scalar potential, continuing the work of Rasmussen [1] , and the other in terms of a vector potential. By this means, the various prior theories are unified, and the vector potential solution is shown to lead to Hague's solution [12] for the distribution of equivalent current filaments, which was used by Boules [10] . Furthermore, Boules' method itself is extended to a wider range of magnet geometries, throwing considerable light on the choice of the most appropriate method in particular circumstances. Taken together with [1] for the case of magnets having a relative recoil permeability different from 1, the paper can perhaps claim the most general solution to date for this problem in cylindrical coordinates, and it unifies theoretical approaches which up to now have appeared to be unrelated.
Since the vector potential solution is developed in terms of an equivalent distribution of ampere conductors, it can also be used to compute the armature-reaction field of the stator currents. In fact, this procedure has been used for a long time and it is also developed for complete arrays of conductors, leading to the expressions for the classical distribution factor and pitch factor; see, for example, [12] .
A further result is to test some of the earlier semi-empirical methods [7] , [8] , which are shown to have surprisingly good results in spite of their simplicity.
The main limitation of the method is that it neglects saturation and slotting, but it is still worthwhile to develop improved analytical solutions. Most of the motors for which the analysis was developed are typical brushless PM motors with semi-closed slots, in which the effect of the slot openings is relatively small for most aspects of performance except cogging torque. In many cases, the analytical method is sufficiently accurate and, where the effects of saturation and slotting are significant, the FE method can be used. Skewing, however, is included in the analytical solution.
The methods have been tested by physical measurements on prototype motors (see Fig. 1 ). In addition, extensive testing against FE methods has been undertaken using a specially developed FE procedure coupled to a motor design program. Provided that the motor has sufficient symmetry, the FE method can be quicker than the new analytical methods when the field is calculated over several radii to give a complete view, but when calculating at one radius (usually the stator bore), the analytical methods are much faster. However, improvements in speed would still be valuable. The analytical methods rely on Fourier series expansions of the field components, which are built into the original separation of the variables applied to the solution of the partial differential field equation. The series converge slowly, and their coefficients are complicated with large powers of ratio of radii. It remains as a research challenge to find ways to accelerate this convergence possibly by means of an alternative representation of the azimuthal variation of the field.
II. THEORY Fig. 2 shows the configuration of a typical interior-rotor brushless PM motor. The theory applies equally to the exterior-rotor configuration. The main assumptions are as follows.
1) Both the rotor steel ( ) and the stator steel ( ) are assumed infinitely permeable.
2) Slotting is neglected.
3) The magnet operates on a recoil line whose relative permeability is assumed to be unity. The third assumption is equivalent to writing and taking to be entirely the specified magnetization in the magnets, with no further contribution from . This simplification was not made in [1] , but Boules has shown that the error is typically only 1% or 2% with modern magnets [9] . The principal extension of the theory is to allow the magnetization to be an arbitrary function within the region . The development is given for the vector potential because this leads directly to the equivalent-coil method discussed in Section III. The complementary scalar-potential solution is given in [1] .
The magnetization is replaced by a volume current density [A/m ] in the bulk and a linear current density [A/m] on the surfaces of the magnets. We assume as usual that the motor extends infinitely along , so all currents flow in the axial direction and the vector potential also reduces to . Thus, we have to solve only the scalar Poisson equation
. As in [1] , we expand all quantities in Fourier series.
The magnet lies within an annular region and its magnetization vector is (1) where and are defined by (2) where is the number of pole pairs and is the harmonic number. Both radial and tangential components of the magnetization are included. The Fourier series for any source current distribution is
The magnetic flux density , and vector potential are expanded in the same way as , and , respectively. The Fourier components of the current density are given in terms of the magnetization by (4) Finally, having found the vector potential, the flux density follows from (5) The general solution for each Fourier component of the vector potential can be written as an integral over the current density using a Green function,
The Green function is the solution to Poisson's equation for a single sheet of current at radius and obeys the full boundary conditions. It is convenient to assume that there is an infinitesimal air gap between the magnets and the infinitely permeable rotor and stator, in which case the boundary conditions are that at and ; this requires careful treatment of the surfaces of the magnets, which will be discussed below. The Green function then takes the form (7) The notation and means the lesser and greater of and . The Green function is not analytic at , where there is a discontinuity in the slope induced by the sheet of current. Finally, the functions and are solutions to Laplace's equation that obey the boundary conditions at the lower and upper boundaries, respectively, and are given by (8) This solution holds for and could also have been obtained by the variation of parameters. A similar expression can be derived for the magnetic scalar potential, with the magnetic charge density div as source rather than the current ; the functions in (8) are replaced by expressions that obey the boundary conditions for rather than [1] .
The Green function contributes only powers of to the integral in (6), so it should be possible to evaluate this analytically for many forms of radial variation in the magnetization.
For example, a radially magnetized magnet with remanent flux density and arc electrical radians (as in Fig. 2 ) has
for . Care must be taken when dealing with surfaces of the magnets, however, including surfaces adjacent to the rotor and stator. These surfaces generate equivalent currents of the form , which provide singular contributions to the (volume) current density in (6) . For instance, a Fourier component due to a surface at must be included in the integral as . The function causes the integral over the Green function to collapse, giving simple contributions to the vector potential. This will be seen in the example to be considered next.
Piecewise Constant Magnetization as a Function of Radius: As a first example, we consider the problem solved by Rasmussen [1] . This has a full magnetic ring on the rotor surface, , with an air gap . The magnetization is independent of radius in [1] and the Fourier components are (10) for , and zero for . The integration over the bulk in (6) is straightforward, but we must not forget the inner and outer interfaces of the magnet, where surface currents are generated by the tangential component of magnetization.
The inner edge at contributes while the outer edge at contributes . The two give a current density of . The functions make the integrals over the Green function in (6) trivial, and produce a contribution to the vector potential of (11) After performing the integration over the bulk, the total vector potential in the air gap is found to be (12) where (13) These expressions hold for ; logarithms appear for . The dependence on comes entirely from , which confirms that the function satisfies the boundary condition on the surface of the stator at . The resulting flux density agrees with [1] after setting there. Single Conductor: The second example leads to the equivalent-coil approach. We start by concentrating the equivalent current density from the magnetization into a few discrete current filaments. The magnetic field can then be deduced from the results of Hague [12] , who derives the magnetic field due to distributions of conductors in an annular air gap. To make contact with his result for a single conductor, consider a wire in the air gap at and that carries current along the axis. This is equivalent to a current density (14) Note that this is a sum of cosines, rather than sines as in (1) . The constant component in the Fourier series ( ) has no practical impact because a balanced set of magnets generates no net current density and the final result must, therefore, be summed over a set of current filaments whose total is zero.
The calculation of the vector potential is straightforward because of the function in the current density, and we find (15) where and are given by (8) . The flux density is deduced using and . After some manipulation, the results for reduce to (16) These are consistent with Hague [12] apart from the omission of the term with .
III. EQUIVALENT-COIL METHOD
The equivalent-coil method (Fig. 3 ) uses Hague's analysis [12] . While the magnets are represented by equivalent distributions of surface current and volume current curl , the total field requires an integration of the effect of both and over the entire cross section of the motor. Boules did the integration analytically for radially magnetized and parallel-magnetized magnets with [9] , but the integration is intractable in all but the simpler cases. However, such is the power of modern desktop computers, that it is now possible to replace both and by a discrete set of filamentary coils and simply accumulate the total effect by a summation process. Fig. 4 shows, diagrammatically, the nature of the distribution of filamentary coils for a common magnet configuration used in dc motors, for which the integration of the effect of is feasible but tedious.
The number of filaments can be limited to a reasonable number for computation, because higher order space harmonics decay quickly away from the magnet surfaces.
In Fig. 3 , a basic four-pole distribution of single-turn coils has radius and span , centered on the axis, and the radial component of flux density at the point is given by (17) where is the coil current, is the number of pole pairs, and the sum is taken with ; i.e., over all odd electrical harmonics [12] .
The factor is the th harmonic skew factor equal to , where is the skew in electrical radians (Fig. 5) . When the contributions of all the coils are summed, the same factor arises if the magnetization tapers from a peak value to zero over an angle electrical radians, proving that tapered magnetization and skew are equivalent in terms of their effect on the air-gap field. The same factor arises in the generated EMF of a lap winding having a phase spread of electrical radians. If the poles are unevenly magnetized, the field can be calculated on a pole-by pole basis, and even-order harmonics arise. The method can also be used to calculate the air-gap component of the phase inductance for any distribution of coils, as has been recently described for dc commutator motors, [15] .
In both analytical methods, the field expressions require efficient programming to minimize computation time. The radii are normalized to avoid generating very large numbers when is large. Calculations are performed in double precision (about 20 significant figures). The expressions are inherently ill conditioned when is large, but, fortunately there is no need to calculate more harmonics than are likely to be effective in the machine. Even a small degree of skew or magnet taper filters out the high-order harmonics, and often there is no need to calcu- late more than about 20 harmonics (i.e., up to the 39th physical harmonic in a four-pole motor:
).
IV. TYPICAL RESULTS
The calculations were compared against physical measurements on a small prototype brushless PM motor. Fig. 6 shows measured and calculated air-gap flux density, and Fig. 7 shows the back-EMF waveform when the motor is rotated on open circuit. The agreement is very close. Additional test data on the harmonic content of these waveforms are given in [1] . The new calculation methods were also compared with a number of older published methods and against FE computations (Figs. 8 and 9 ) [16] . Fig. 9 shows the air-gap flux-density waveform computed by three analytical methods and the FE method. The three analytical methods are as follows: 1) Miller and Rabinovici's method as described in [7] ; 2) the scalar potential method described in [1] ; 3) the equivalent-coil method described in Section III. Only the FE method models slotting and saturation, but in open-circuit calculations this is often insignificant, particularly at the initial design stage. The three analytical methods agree closely, even though the magnet has a recoil permeability of 1.1, which works against the equivalent-coil method. Fig. 10 shows the comparison between different magnetization configurations. It is often held that sine-wave magnetization produces a lower air-gap flux density than radial magnetization, but in the example in Fig. 10 , the full sine-wave magnetization has the highest value due to the flux focusing associated with the tangential component.
It can be observed that, since the method is linear, the effect of nonsymmetrical placement of magnets can be calculated by superposition of the fields of individual magnets, or by adding a "perturbation" calculated for a fictitious magnet which represents the difference in magnetization distribution between the actual magnet and the ideal arrangement of magnets. The perturbation can be represented by odd or even harmonics, or both, according to the actual disposition of the magnets.
Practical Comparison of Methods: Although the methods agree for a motor of conventional proportions, they are not all equally fast. The software environment for the calculations (including the FE method) was the SPEED Laboratory motor design software [14] and [16] . As expected, the magnetic-circuit model is the fastest, but it is also the least rigorous and, if large changes were made to the proportions, it could become inaccurate, while the new analytical methods would need no adjustment. The FE method might also require adjustments to the mesh before a good solution could be obtained. For the test calculations, it could calculatethe entire field in about thesame time that the new analytical method would require for ten radii, but motor design calculations generallyrequirethefieldatonlyoneortworadii,oftenwithonlya limited number of harmonics. With a fractional slot motor, the FE method would be even slower.
V. CONCLUSION
This paper has presented an extension to the theory of the air-gap field in PM motors (both brushless and brushed), in which both the variation of magnetization with radius, and the tangential component of magnetization, are taken into account. Solutions were developed in terms of both scalar and vector potentials, and shown to be equivalent. The vector potential solution is shown to lead directly to the equivalent-coil method used by Boules, [9] . The theory therefore unifies many of the previous approaches. Its application is illustrated by comparison tests, against measurement on prototype motors, against the FE method, and against simple magnetic-circuit models. The relative merits of these methods were discussed and it appears that, although the new analytical methods are more rigorous than previous ones, they are not necessarily faster than the FE method. On the other hand, they are capable of accommodating a wide range of geometric variations without adjustment and without loss of confidence in the result.
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